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Motivation

Regularity results

Why we need to study regularity results?

Gradient estimate

Regularity results

How solution de-
pends on initial data

Adjust the inifial data
to obtain a good
enough solution
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Motivation

Double-phase problems

Application to anisotropic materials

Isotropic Anisotropic Strongly Anisotropic

w=0%a=0 0P<w<90%0<a<1 w=~90%a=~1

@ V.V. Zhikov, Averaging of functionals of the calculus of variations and elasticity Theory
Izv. Ross. Akad. Nauk Ser. Mat., 50(4) (1986), 675-710. f
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Motivation

Double-phase problems

Application to non-Newtonian fluids

NON-NEWTONIAN LIQUIDS
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@ Y. Lu, Y. Liu, X. Huang, C. Vetro, A new kind of double phase elliptic inclusions with
logarithmic perturbation terms Il: applications, Commun. Nonlinear Sci. Numer. Simul.,
131 (2024).
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Motivation

Double-phase problems

Application to image processing

Jriginal Noisy image Denoised image

@ A. Charkaoui, Nonlinear parabolic double phase variable exponent systems with
applications in image noise removal, Appl. Math. Comput., 467 (2024).
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Motivation

Double phase problems with logarithmic growth

Previous work

—div (A(x, Vu)) = —div (B(x.F)), xeQ )

In (Byun ‘17), under suitable assumptions on A, B and 2, Byun et al. have proved the
so-called Calderon-Zygmund estimate or gradient estimate in Lebesgue space LY ():

For all y > 1, we have:

F = Hyjog(+ F) € LY(Q) = U := Hp0g(- Vu) € L¥(9). C2)

@ S. S. Byun, J. Oh, Global gradient estimates for the borderline case of double phase problems with BMO coefficients

in nonsmooth domains, J. Differential Equations, 263(2) (2017), 1643-1693.
N
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Motivation

Double-phase problems with logarithmic growth

Problem statement

—div (Ap log(x. Vu)) = —div (Bp jog(x.F)) in Q, B
u = (0 on 0f2.
under assumptions
|ﬂp,log(x’ §)| + |a§ﬂp,|og(x’ f)“fl < Kal—l,log(X’ §). (AD
<a§ﬂp,log(x’ §)Z’ z) > KQHp—Q,Iog(X’ §)|z|2,
1Bp.1og (X, E)I < KsHp_1 10g(x €). (A2)

with
Hglog(x. §) := 1§17 + a(x)I§17 log(e + I§1).  (x.§) € @ xR".
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Motivation

Double-phase problems with logarithmic growth

Problem model

The above problem is a generic one whose model is given by

—div (B(x) [[VuP2Vu + a(x)IVuPP~2 log(e + [Vul)Vu))
= —div (|F|p72F + a(x)IFP%log(e + |F|)F) in Q,

which is relevant to the corresponding Euler-Lagrange equation of functional
vie H(v) - f <|F|P—2F + a(x)IFIP2log(e + |FI)F, Vv)dx,
Q
where the energy functional H is given by

H(v) = fQ B(x) [IVVP + a(x)IVvIP log(e + [VV])] o.
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Motivation

Double-phase problems with logarithmic growth

Weak solution

Definition (Weak solution)

A functfion u € Wc: 2 g(Q) is said to be weak solution to (DPL) if the following variational

Hp o
formula holds for every test function ¢ € WJ g (Q):

f(ﬂpjog(x,Vu),V(p)dx:f(BpJog(x,F),qu)dx. (VP
Q Q
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Motivation

Double-phase problems with logarithmic growth

Weak solution

Definition (Weak solution)

A functfion u € Wc: 2 g(Q) is said to be weak solution to (DPL) if the following variational

Hp lo
formula holds for every test function ¢ € WJ g (Q):

f(ﬂpjog(x,Vu),an)dx:f(BpJOg(x,F),qu)dx. (VF)
Q Q

v

Hp o .
It is well-known that (DPL) admits an unique weak solution u € W(; P (Q) which also
satisfies the following global estimate, proved in (Byun “17, Theorem 3.6):

prJog(X, VU)dXSCprJOg(X, F)dx. (GE)
Q Q

@ S. S. Byun, J. Oh, Global gradient estimates for the borderline case of double phase problems with BMO coefficien {

in nonsmooth domains, J. Differential Equations, 263(2) (2017), 1643-1693.
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Motivation

Double-phase problems with logarithmic growth

Our regularity results

Our main result is a gradient estimate for a borderline case of double-phase problems
with logarithmic growth in generalized weighted Lorentz spaces /\3;5;(9), extending the
result in (Byun “17) to a gradient estimate via fractional maximal operators Mg as follows:

More precisely, we establish the gradient estimate based on the good-1 type inequality
infroduced in the sequel:

”MﬂU”/\g;(Q) < C||MﬁF||/\g)~fu(Q), @

@ S. S. Byun, J. Oh, Global gradient estimates for the borderline case of double phase problems with BMO coefficients
in nonsmooth domains, J. Differential Equations, 263(2) (2017), 1643-1693.
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Main results Preliminaries
Main results

Fractional maximal operator

Definition and boundedness

Definition (Fractional maximal operator)

The maximal operator Mg with 8 € [0, n] is @ measurable map defined on L} .(R") reads
as follows:

Mgf(x) = sup [r(B)]ﬂflf(Z)ldg, xR, fell (R"). @A)
B>x B

It is readily seen that Mﬁ coincides with the classical Hardy-Littlewood maximal operator
M when 8 = 0.

Lemma (Boundedness of fractional maximal operator)

n
letq>Tand B € [0, —). There exists C = C(n, g, 8) > 0 such that
q

B
|{x € R™: Mgf(x) > A} < c(#f |f(§)|qd§) , foral A>0, feL'(R").
Rﬂ
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Main results

Fractional maximal operator

Why fractional maximal operator comes into play?

Fractional maximal function has a relation to Riesz potential (fractional integral operator)
due to the following point-wise inequality:

Mf(x) < C-I,f(x), forevery x € R".

14/29
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Main results

Fractional maximal operator

Why fractional maximal operator comes into play?

Fractional maximal function has a relation to Riesz potential (fractional integral operator)
due to the following point-wise inequality:

Mf(x) < C-I,f(x), forevery x € R".

Moreover, as shown in (Muckenhoupt ‘74, Theorem 2.1), the converse inequality holds in
its infegral form as below:

(Taf)9wadx < Cf (Mgf)9dx, forg>0and @ € Aw.
Rn

n
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Main results

Fractional maximal operator

Why fractional maximal operator comes into play?

Fractional maximal function has a relation to Riesz potential (fractional integral operator)
due to the following point-wise inequality:

Mf(x) < C-I,f(x), forevery x € R".
Moreover, as shown in (Muckenhoupt ‘74, Theorem 2.1), the converse inequality holds in
its infegral form as below:

n

(Taf)9wadx < Cf (Mgf)9dx, forg>0and @ € Aw.
Rn

Therefore, gradient estimates for solutions to elliptic problems via fractional maximal
functions not only provide information of size and oscillations of solutions and their
derivatives, but also allow to bound fractional derivatives of u: d%u, for0 < a < 2.

@ Muckenhoupt, R. Wheeden, Weighted norm inequadlities for fractional integrals, Trans. Amer. Math. Soc., 192(1974),
261-274. 14/29
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Muckenhoupt class

Defintion

By a weight, we mean a locally integrable function 2 on R, i.e. i € L (R"; R™). For

each weight u, it gives a measure on the measurable subsets of R" through integration.

For every measurable set © c R”, we denote u(D) := f u(2)dZ. In a special case
D

when p = 1, it is well-known that (D) = |D].
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Muckenhoupt class

Defintion

By a weight, we mean a locally integrable function 2 on R, i.e. i € L (R"; R™). For
each weight u, it gives a measure on the measurable subsets of R" through integration.

For every measurable set © c R”, we denote u(D) := f u(2)dZ. In a special case
D
when p = 1, it is well-known that (D) = |D].

Definition (Muckenhoupt class)
We say that a weighted function i belonging to the Muckenhoupt class A if there are
constants ¢y, ¢, and vy, vp > 0 such that for every measurable subset D of a ball B:

When no ambiguity will arise, we denote [u]a, = (c1, 2, 11, o).
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Generalized weighted Lorentz spaces

Definition

Definition (Generalized weighted Lorentz spaces)

Consider two weights 1 € L .(RT;RT), @ € Aw, and a function I' defined as follows

i
M(z) = f u(s)ds, T € [0,). Given q € (0,) and 0 < s < oo, the generalized
0

s

weighted Lorentz space A, () is defined by:
No(Q) = {f : Q — R is Lebesgue measurable and ”f”/\ifl(ﬂ) < oo}, )
where the quasi-norm || - || A% () is given by:

Ifllaze (@) = {qj; [AT (o({x € Q : [f(x)] > ﬂ}))]§ %ﬂ}s , if s<oo

Ifllaze (e = ;ug [AT (o(fx € Q : [f(x)| > ﬁ}))]% if s=o0
>
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Framework
Main steps

Hp, log estimates

Assumptions on fﬂmog, Bmog and suitable test function

Comparision estimate

Reverse Holder inequality, Vitali’s covering lemmma, boundedness of fractional maximal operators

Good-A type inequality

Definition of quasi-norm in generalized weighted Lorentz spaces

Generalized weighted
Lorentz estimate

Tan-Phuc Nguyen Gradient estimate



Main results Preliminaries
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Hp,0g estimates

Define auxiliary functions
V(x, &. &) == IVo(&) - VD(§2)|2 + a(x)|Vplog(§1) - Vp|0g(§2)|2’ (x. &, &) € QXR"XR"

Rt

- pTJ‘) S a2 ? n
VL) = 61 6 Vora(€) = (162 loglo + 160 + 5] 6 e

Lemma (Hp, jog estimates)

Foreveryp > T and € € (0, 1), the following estimates
_1
|§1 |Hp—1,|og(x’ §2) < er,Iog(X’ §1) + € P Hp,log(x’ §2)’ ©)
and
Hpjog(x, & — &) < eHplog(x, &) + Ce™'V(x, &1, &), @

hold frue for all x € Q, &, & € R", where C = C(p) > 0.
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Comparison estimate and reverse Holder inequality

Lemma (Comparison estimate and reverse Holder inequality)

For every xg € Q, r > 0, there exists 6o > 0 sufficiently small such that if Ap jog is
(80, Ro)-vanishing, 2 is (&g, Ry)-Reifenberg flat for some Ry > 0, then one can find
v e W]’HP""g(Q(xo, 4r)) satisfying

JC [Hmog (x, Vv)]ydx]
Q(x0.4r)

for each y > 1, where C = C(data) > 0. Moreover, for every ¢ € (0, 1), there exists

Y

< CJE Hp jog (x. VVv)dx, ®
Q(x0.8r)

p+1 e
constants i 1= 7> 0and C = C(data) > 0 satisfying

JC Hp jog (x. Vu = Vv)dx < SJC Hp10g (x. Vu)dx
Q(x0.8r) Q(x0.8r)

+ Cceg " JC Hp log (. F)ax. Q] £/
Q(x0.8r)
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Good-/1 type inequality

Lemma (Vitali’s covering lemnma)

Assume that 2 is a domain satisfied the (6, Ry )-Reifenberg condition for some constants
Ry, 6 > 0and ® € Aw. Suppose 0 < € < 1,0 < R < Ry and consider two measurable
sets V, W satisfying V c W c Q and the following two conditions:

M (V) < ew(B(0,R)):
(i) Forallx € Qandr € (0, R], we have B(x,r) N Q c W if
@ (VNB(x,r)) > ew(B(x,r)).
Then (V) < Cew(W) for some constant C = C(n) > 0.

.

Theorem (Good-A type inequality)

Given B € [0,n), @ € Aw. Then, for every a € (0,1), there exists some constants
5§>0,b>0and g € (0,1) and C = C(data, a. ) such that if Ay jog is (Ro. 6)-
vanishing and € is (R, 6)-Reifenberg flat for some Ry > 0, the following inequality
@(Vep) < Cew (W) holds forall A > 0and 0 < & < g, with V. 5, W defined by g
Ve = {x€Q: MgU(x) > £ 97, MgF < e°A); Wj := {x € Q : MgU(x) > 7A}.
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Generadlized weighted Lorentz estimate

Theorem (Generalized weighted Lorentz estimate)

Given S € [0,n), w € A, and p € L] .(RT; R™T). With a function I" defined as follows:

T
I(z) :f u(s)ds, t€]0,00), 10
0
assume that there exists two constants ¢ > ¢ > 1 satisfying
al(r) <T(21) < ol (7), an

for each t > 0. Then, one can find some constants § = §(data) > 0, C =
C(data.B. 1. ¢2) > Osuchthatif Ap jog is (Ro. 6)-vanishing and Qs (Ry, 6)-Reifenberg
flat for some Ry > 0, the following inequality

(Ll Y

() < c||MﬂF|1Ag;(Q) , 12

holds frue for all 0 < q < co and 0 < s < co provided MgF € Aj;7, (). b/29
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Main results

Proof of generalized weighted Lorentz estimate

. 1
Let’s take a suitable 0 < a < min {— log, ¢1; 1}, apply above good-A type inequality
q

and distinguish two cases:

s < o0, The statement in (12) can be implied from the following estimate:
-1
P80 < (6554 71)" €859 gD, g + G262 MaFl s

11
= Zlogogi—a ]
log, C+2 2
g, C+ IS 9 ¢4 < -,
0 2

s = o0, The statement in (12) can be implied from the following estimate:

by choosing € = g5 > 0 sufficiently small such that C (g

1
1005y < (6 20)® 8505 g0 g + €063 Pl

11
= Jlogyg—a 1
by choosing € = g > 0 sufficiently small such that C (g|2°g2 otz g)q soq ’
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Our manuscript

ularity results for a borderline case of ellij
double-phase operators

Minh-Phuong Tran*! Thanh-Nhan Nguyen! Tan-Phue Nguyen®

June 10, 2025

Abstract

This article is devoted to studying the regularity properties of weak solu-
tions to a class of quasilinear double-phase elliptic equations with logarithmic
perturbation terms in divergence form, inder suitable structural conditions on
the given data. These problems pose significant challenges due to their non-
uniform ellipticity and the presence of mixed polynomial-logarithmic growth
hehavior. Inspired by recent progress in non-standard growth theory, we derive
decay estimates for the level sets of the gradient of weak solutions. These esti-
mates, in turn, yield gradient regularity results in generalized weighted Lorentz
spaces, provided that the coefficients satisfy some appropriate conditions. Our
findings contribute to a deeper understanding of the behavior of solutions to
rariational problems with non-standard growth, with potential applications to
the modeling of strongly anisotropic materials.

Keywords: Regularity estimates; Non-uniform ellipticity: Fractional maximal

operators; Lorentz spaces 221/29
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Future researches

Future researches

The results and proof techniques developed in our work can be further improved and
extended to address more complex situations, such as those arising when the function
Hqug in (H) is replaced by the following function:

Hp g.a.8l0g(x. &) = a(x)IEP log®(e + |€]) + a(x)I€]° Iogﬂ(e +1€), (x.&) e QxR".

Furthermore, the gradient estimates can be extended to more general function spaces,
such as generalized Morrey spaces.
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