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Applications of Control Theory

Noise and vibration

sound + opposing sound

Microphones measure sound;
speakers apply a corrective
signal.
Control:
Speaker input signal.

Temperature

t
approach a target

A thermostat uses tempera-
ture measurements to adjust
heating.
Control:
Heating power.

Energy and transport

regulate flows on networks

Adjust power or traffic flows
under capacity and safety
constraints.
Controls:
Power setpoints;
Traffic-light timings.

What can we measure, what can we change, and how much effort is needed?
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Localized Control of Wave Equations

Initially vibrating

actuator actuator
ω = (0, 0.3) ∪ (0.7, 1)

choose f (t, x)

At rest at time T

u(T , x) = 0
ut(T , x) = 0

A flat string is not enough: the velocity must also vanish.
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Motivation: From Controllability to Computation

The mathematical question

Can a force applied in just one region
make the wave reach a chosen shape and
velocity everywhere at a specified time?

The computational question

Does this computed control actually steer
the system, and what can we prove about
it?

Why do we apply control in just one region?

actuator

local force

waves carry the effect

a vibrating string with fixed ends

Think of stopping a vibrating string.

• An actuator acts on a short segment.

• Its effect travels along the string as waves.

• Goal: bring the whole string to rest.

Local force, whole-string target.
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Our Main Result: An Exact Control Nearby

From a numerical answer to a guarantee
1 Compute a candidate. Use any solver; the

result may miss the target slightly.

2 Check three bounds: final-state error,
correction size, and variation of the final-state
response.

3 Certify an exact control nearby. If the
checks pass, we can find an exact control
within a proven distance from our computed
control.

computed
control

exact control
certified
distance

Show the theorem

Three validated bounds certify an exact control nearby.
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The Semilinear Wave Control Problem

utt −∆u︸ ︷︷ ︸
wave propagation

+ g(u) + αu︸ ︷︷ ︸
internal force

+ f 1ω︸︷︷︸
our control

= 0, α ≥ 0.

Why we introduce Φ? Turn the second-order wave equation into a first-order system.
Φ = (u, ut) ∈ E = H1

0 (Ω)× L2(Ω), u|∂Ω = 0.

The same control problem in state form{
∂tΦ+ AΦ+ F1ω + G (Φ) = 0,
Φ(0, ·) = Φ0, Φ(T , ·) = ΦT .

(1)

A(u, v) = (−v ,−∆u + αu), F = (0, f ), G (Φ) = (0, g(u)).
Φ0 = (u0, u1), ΦT = (u0

T , u
1
T ).

1D example: Ω = (0, 1), α = 0, T = 2.5, g(u) = β tanh u; target: rest.
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Why H1
0 (Ω)× L2(Ω)?

The wave state Φ = (u, v), with v = ut , records both deformation and motion.

Displacement: deformation energy
Edef = 1

2

∫
Ω
|∇u|2 dx

Finite energy + zero boundary values
u ∈ H1

0 (Ω)

Velocity: kinetic energy
Ekin = 1

2

∫
Ω
|v |2 dx

Finite energy → square-
integrable velocity

v = ut ∈ L2(Ω)

Φ = (u, ut) ∈ E = H1
0 (Ω) × L2(Ω)

Finite energy + fixed boundary values give the natural state space.
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Geometry, Observability, and Controllability

control region ω

ray picture

Geometric Control Condition (GCC)
Every relevant geometric-optics ray must enter ω before
time T .

HUM duality theorem: the linear wave (g = 0)
Exact controllability: every Φ0,ΦT ∈ E can be connected in time T by some
f ∈ L2((0,T )× ω)

if and only if the following observability estimate holds for every homogeneous adjoint
wave p, with one constant Cobs > 0:

∥(p(0), pt(0))∥2
E ≤ Cobs

∫ T

0
∥pt(t)∥2

L2(ω) dt, ptt −∆p + αp = 0, p|∂Ω = 0.

[Lions, 1988, Bardos et al., 1992].
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Foundations of Wave Controllability

HUM [Lions, 1988]
Observe the adjoint wave; solve a minimum-norm control problem.

Geometric observability [Bardos et al., 1992]
Track rays to identify when observation and control are possible.

Semilinear waves [Zuazua, 1993, Dehman and Lebeau, 2009]
Use linear control mechanisms to handle nonlinear state transfers.

Control and numerics [Ervedoza and Zuazua, 2012]
A convergent forward scheme need not preserve control properties.

We build on this control theory; we do not replace it.
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Constructive and Learning-Based Approaches

Deterministic reconstruction
[Münch and Trélat, 2022]
Least-squares construction for semilinear 1D
waves.

[Claret et al., 2024]
Fixed-point methods for semilinear boundary
controllability.

Learned reconstruction
[Mowlavi and Nabi, 2023]
Physics-informed neural PDE control.

[Du et al., 2024, Feng et al., 2025]
Learn in spectral coordinates; use spatial
structure.

Our focus: prove that the computed control works, rather than rely only on a
small training loss.

Tan-Phuc Nguyen Control Problem and Background 11 / 37



Constructive and Learning-Based Approaches

Deterministic reconstruction
[Münch and Trélat, 2022]
Least-squares construction for semilinear 1D
waves.

[Claret et al., 2024]
Fixed-point methods for semilinear boundary
controllability.

Learned reconstruction
[Mowlavi and Nabi, 2023]
Physics-informed neural PDE control.

[Du et al., 2024, Feng et al., 2025]
Learn in spectral coordinates; use spatial
structure.

Our focus: prove that the computed control works, rather than rely only on a
small training loss.

Tan-Phuc Nguyen Control Problem and Background 11 / 37



Our Main Contributions

1. Compute a control
We use learned and classical methods to find a force aimed at the desired final state.

2. Improve its accuracy
We correct the computed force to reduce the error in the wave’s final shape and velocity.

3. Prove an exact control is nearby
We bound the numerical errors and, when the checks pass, prove that an exact control
exists within a known distance of the computed one, for the finite model.

Compute a control, correct it, and prove an exact control is nearby.
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The PDE and Its Finite-Dimensional Model

Continuous PDE
Energy-space control theory

Infinitely many modes

Finite-dimensional
Galerkin system

Compute and certify
P-dimensional control

project

a proven bound for the omitted modes is still needed

Exact control of the P-mode model does not imply exact control of the full PDE.
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Spectral Galerkin Discretization

On Ω = (0, 1)N , the Dirichlet eigenfunctions and eigenvalues are
ek(x) = 2N/2∏N

ℓ=1 sin(kℓπxℓ), µk = π2∑N
ℓ=1 k

2
ℓ , k ∈ {1, 2, . . .}N .

e1(x)

e2(x)

e3(x)

Illustration: first three 1D modes.

A finite retained set is relabeled as e1, . . . , eP , with
corresponding eigenvalues µ1, . . . , µP .

uP(t, x) =
∑P

j=1 aj(t)ej(x).

a′′ + ΛPa+ GP(a) +MPc = 0

ΛP = diag(µ1, . . . , µP), (MP)jℓ =
∫
ω ejeℓ dx .

GP(a) is the nonlinearity projected onto these modes.

The basis enforces uP = 0 on ∂Ω. We solve for the time-dependent state
coefficients aj(t) and control coefficients cj(t).
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A Common Endpoint Formulation

Newton–HUM
Linearize and

correct the control

Source freezing
Solve waves with

a fixed source

Neural–Spectral
Learn time-dependent

coefficients

One common check for every control
Keep the control fixed, re-solve the wave, and compare with the target.

FP : UP → R2P , FP(c) = Yc(T ) − YT

Correct with Newton–HUM
Reduce the final-state error

Validate the result
Certify an exact control nearby

UP := L2
(
0,T ;RP

)
; Y =

(
Λ

1/2
P a, a′

)
uses energy coordinates.

Control norms are in UP , endpoint norms are Euclidean, and operator norms are induced by
these norms.
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Neural–Spectral Control Reconstruction

t

separate tanh
networks

with time as input

aj ,θ(t)
cj ,θ(t)

uθ =
∑
j

aj ,θej

fθ =
∑
j

cj ,θej

aj ,θ(t) =
W∑

m=1

v a
jm tanh

(
w a
jmt + bajm

)
,

and similarly for cj ,θ; derivatives come from automatic differentiation.

Spatial properties and boundary conditions are built in eigenfunctions.
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Does the learned state follow the wave dynamics?

rθ = a′′θ + ΛPaθ + GP(aθ) +MPcθ.

Training loss:

J (θ) = T
Nc+1

∑Nc
q=1 ∥rθ(tq)∥

2
2 + 500

(
∥Yθ(0)− Y0∥2

2 + ∥Yθ(T )− YT∥2
2

)
.

Here tq = qT/(Nc + 1) are the Nc interior sample times and Yθ = (Λ
1/2
P aθ, a

′
θ). Y0,YT are

the prescribed initial and target states in energy coordinates.

What the analysis does guarantee
Assume the P-mode solution driven by cθ, starting from the prescribed initial data, exists
throughout [0,T ], and ∥DGP∥ ≤ ℓ1 along the connecting segments. Put κ = ℓ1/(2π).

sup0≤t≤T

∥∥ΦP
θ (t)− ΦP

cθ
(t)
∥∥
E ≤ eκT

(
einitial + ∥rθ∥L1(0,T ;RP)

)
.

Here einitial = ∥Yθ(0)− Y0∥2 and Φcθ is the independently solved P-mode state.
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Does the learned control bring the system close to the
target?

Compare the independently solved P-mode state with the target:

Etar(P)
projection

error

Enet
network

approximation
error

ηQ
integration

error

Eopt
optimization

error

∥∥∥ΦP
cθ
(T )− ΦT

∥∥∥
E
≤ Etar(P) + C

(
Enet + ηQ + Eopt

)
.

Assumptions. The P-mode solution driven by cθ exists throughout [0,T ] from the
prescribed initial data, with the derivative bound above; fixed positive quadrature and
endpoint weights; a uniform quadrature bound on a bounded parameter set containing θ.
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Linearized Controllability and the HUM Right Inverse

Question: Which control change cancels the current endpoint error r = FP(c)?
⋄ Predict the endpoint change. Set Cc = DFP(c).

FP(c + δc) ≈ r + Ccδc.

We therefore seek Ccδc = −r .

⋄ Find a minimum-norm correction. For
Wc = CcC

∗
c > 0, define the right inverse
Rc = C∗

c W
−1
c , CcRc = I .

Choose δc = −Rc r , the minimum-norm solution:
Ccδc = −CcRc r = −r .
We use CcRc = I , not RcCc = I .
⋄ Measure the effort: ∥Rc∥ = λmin(Wc)

−1/2.
Small eigenvalues mean costly correction directions.

Why solve again?
Predicted error: r + Ccδc = 0.
Actual error: the nonlinear remainder
remains:

FP(c + δc) = Rc(δc).

Here Rc is the part omitted by the linear
approximation; it need not be zero.
Check: Re-solve the nonlinear P-mode
system with c + δc and the same initial
data. Measure its error at T .

Cancel the predicted error, then re-solve to measure the actual error.

HUM = Hilbert Uniqueness Method. Background: [Lions, 1988, Dehman and Lebeau, 2009].
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Newton–HUM Endpoint Correction

Here cn(t) ∈ RP is the current control: one time-dependent coefficient per mode.

Cn = DFP(cn), Wn = CnC
∗
n .

1. Solve the wave
Use cn(t)

Compute final state

2. Measure error
rn = FP(cn)

final state − target

3. Correction
Solve Wnzn = rn
δcn = −C ∗

n zn

4. Update the control at every time
cn+1(t) = cn(t) + λn δcn(t)

Choose the step: try λn = 1, 1/2, 1/4, . . .; keep the first step that reduces the final-state
error. Repeat until the tolerance is met.

This method reduces the error quadratically.
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An Error Certificate for Any Solver

Endpoint error
∥FP(c̄)∥ ≤ ε
How far did
we miss?

Controllability
∥Rc̄∥ ≤ γ

How hard is it to
correct this error?

Nonlinearity
Lip
(
DFP

)
≤ L

How curved is the
endpoint map?

A rigorous check after computing the control Back to overview

Suppose FP is C 1, DFP(c̄)Rc̄ = I , and L > 0. If

h = 2Lγ2ε < 1, d∗ :=
1 −

√
1 − h

Lγ

and the radius-d∗ ball stays in the neighborhood where L applies, then there is a control c∗

for the P-mode system with FP(c
∗) = 0 and ∥c∗ − c̄∥L2(0,T ;RP) ≤ d∗.
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A rigorous check after computing the control Back to overview

Suppose FP is C 1, DFP(c̄)Rc̄ = I , and L > 0. If

h = 2Lγ2ε < 1, d∗ :=
1 −

√
1 − h

Lγ

and the radius-d∗ ball stays in the neighborhood where L applies, then there is a control c∗

for the P-mode system with FP(c
∗) = 0 and ∥c∗ − c̄∥L2(0,T ;RP) ≤ d∗.
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Proof Strategy: Reduce to a Fixed-Point Equation

Write R = Rc̄ , with DFP(c̄)R = I , ∥R∥ ≤ γ and ∥FP(c̄)∥ ≤ ε. Assume DFP is L-Lipschitz on a
neighborhood containing the certified control ball.

⋄ Use endpoint coordinates for corrections.
Seek c = c̄ + Ry , where y ∈ R2P and
Ry ∈ L2(0,T ;RP). Define

H(y) = FP(c̄ + Ry).

By the chain rule and DFP(c̄)R = I ,

DH(0) = DFP(c̄)R = I .

⋄ Separate the nonlinear remainder.

Q(y) := H(y)− H(0)− y , Q(0) = 0.

Thus the desired endpoint equation becomes

H(y) = 0 ⇐⇒ y = −H(0)− Q(y)︸ ︷︷ ︸
T (y)

.

⋄ Bound the nonlinear remainder.
DQ(y) = [DFP(c̄ + Ry)− DFP(c̄)]R,

∥DQ(y)∥ ≤ L ∥Ry∥ ∥R∥ ≤ Lγ2 ∥y∥ .
Integrating along the segment from 0 to y ,

Q(y) =
∫ 1
0 DQ(sy)y ds,

∥Q(y)∥ ≤
∫ 1
0 Lγ2s ∥y∥2 ds = 1

2Lγ
2 ∥y∥2

.

For ∥y∥ , ∥z∥ ≤ r , their connecting segment also
lies in the ball, so

∥Q(y)− Q(z)∥ ≤ Lγ2r ∥y − z∥ .
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Proof Strategy: Close the Ball and Obtain an Exact Control

Recall T (y) = −H(0)− Q(y) and H(y) = FP(c̄ + Ry). Set h = 2Lγ2ε < 1, with L > 0.

⋄ Choose a ball that maps into itself. For
∥y∥ ≤ r , the remainder bound gives

∥T (y)∥ ≤ ε+ 1
2Lγ

2r2.

Choose the smaller root of ε+ 1
2Lγ

2r2 = r :

r∗ :=
1 −

√
1 − h

Lγ2 .

Then T maps B r∗(0) into itself.
Check the domain: ∥Ry∥ ≤ γr∗ = d∗. The
theorem assumes the closed control ball of
radius d∗ lies in the neighborhood where the
derivative bound holds.

⋄ Show strict contraction. For y , z ∈ B r∗(0),

∥T (y)− T (z)∥ ≤ Lγ2r∗ ∥y − z∥ ,
and Lγ2r∗ = 1 −

√
1 − h < 1.

⋄ Apply Banach’s fixed-point theorem. The
closed ball in R2P is complete. Hence it contains
a unique fixed point y∗, giving

c∗ = c̄ + Ry∗, FP(c
∗) = 0,

∥c∗ − c̄∥L2 ≤ γr∗ =
1 −

√
1 − h

Lγ
= d∗.

Uniqueness holds only in the slice c̄ + RB r∗(0):
R is injective because DFP(c̄)R = I .

Tan-Phuc Nguyen Validated Guarantees 23 / 37



Proof Strategy: Close the Ball and Obtain an Exact Control

Recall T (y) = −H(0)− Q(y) and H(y) = FP(c̄ + Ry). Set h = 2Lγ2ε < 1, with L > 0.

⋄ Choose a ball that maps into itself. For
∥y∥ ≤ r , the remainder bound gives

∥T (y)∥ ≤ ε+ 1
2Lγ

2r2.

Choose the smaller root of ε+ 1
2Lγ

2r2 = r :

r∗ :=
1 −

√
1 − h

Lγ2 .

Then T maps B r∗(0) into itself.
Check the domain: ∥Ry∥ ≤ γr∗ = d∗. The
theorem assumes the closed control ball of
radius d∗ lies in the neighborhood where the
derivative bound holds.

⋄ Show strict contraction. For y , z ∈ B r∗(0),

∥T (y)− T (z)∥ ≤ Lγ2r∗ ∥y − z∥ ,
and Lγ2r∗ = 1 −

√
1 − h < 1.

⋄ Apply Banach’s fixed-point theorem. The
closed ball in R2P is complete. Hence it contains
a unique fixed point y∗, giving

c∗ = c̄ + Ry∗, FP(c
∗) = 0,

∥c∗ − c̄∥L2 ≤ γr∗ =
1 −

√
1 − h

Lγ
= d∗.

Uniqueness holds only in the slice c̄ + RB r∗(0):
R is injective because DFP(c̄)R = I .

Tan-Phuc Nguyen Validated Guarantees 23 / 37



Source-Frozen HUM: What We Solve at Each Step

Idea: freeze the nonlinear source, then solve a linear steering problem.

⋄ Freeze the source. Start with a trajectory
guess a(n)(t) and compute

sn(t) = GP(a
(n)(t)).

Keep this entire time-dependent function fixed
during the next solve.
⋄ Solve for a new trajectory and control.

(a(n+1))′′ + ΛPa
(n+1)

+ sn +MPc
(n+1) = 0.

Use the prescribed initial and final displacement
and velocity. The unknowns are a(n+1) and
c(n+1).

⋄ Which steering control do we choose?
Among controls that reach those endpoints,
HUM selects the one minimizing the coefficient
cost ∫ T

0 ∥c(t)∥2 dt.

The next slide shows how a matrix called the
Gramian computes this control.
⋄ Update the source and repeat. Set
sn+1 = GP(a

(n+1)) and solve again. At a fixed
point a∗, the source used in the solve is exactly
GP(a

∗).

Freeze a source, find its minimum-cost steering control, then update the source.
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The Gramian: From an Endpoint Gap to a Control

Let Y = (Λ
1/2
P a, a′) ∈ R2P collect displacement and velocity. Fix P, T , the wave operator, and the

control region.

⋄ Find the endpoint gap. Solve the
frozen-source wave with c = 0 to obtain
Y free
n (T ). The control must supply

dn = YT − Y free
n (T ).

Let K (t) ∈ R2P×P map a control input at time
t to its effect at T . Then

Y (T ) = Y free
n (T ) +

∫ T

0 K (t)c(t)dt.
⋄ Collect the control effects in one matrix.

WT =
∫ T

0 K (t)K (t)⊤ dt

This 2P × 2P matrix is the controllability
Gramian. It measures how strongly controls
can change each endpoint direction.

⋄ Compute the HUM control. For a
positive-definite WT , solve and reconstruct:

WT zn = dn, c(n+1)(t) = K (t)⊤zn.

It supplies exactly the missing endpoint change:∫ T

0 K (t)c(n+1)(t) dt = WT zn = dn.

This is exactly the minimum-coefficient-cost
control selected by HUM.
The next slide derives K (t) and explains why
the same Gramian works at every source-frozen
iteration.
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Why Can We Reuse the Gramian?

Keep fixed: P , T , the wave operator, the control region, and the coefficient cost.

⋄ Separate the wave from the source. For
Y = (Λ

1/2
P a, a′), the frozen equation is

Y ′ = AY + Bc + fn(t), fn =

(
0

−sn

)
.

A =

(
0 Λ

1/2
P

−Λ
1/2
P 0

)
, B =

(
0

−MP

)
.

Only fn changes; A and B stay fixed.
⋄ What does K (t) do?

K (t) = eA(T−t)B

B applies the control; eA(T−t) carries its effect
to T . K (t) varies with time, but stays the same
across iterations.

⋄ What changes at the endpoint? With
zero control, the frozen source gives

Y free
n (T ) = eATY (0)

+
∫ T

0 eA(T−t)fn(t) dt.
Adding a control gives

Y (T ) = Y free
n (T ) +

∫ T

0 K (t)c(t)dt.

So the gap dn = YT − Y free
n (T ) changes, while

WT =
∫ T

0 K (t)K (t)⊤ dt
stays fixed.
⋄ Compute once, reuse many times. Factor
the positive-definite WT once. Reuse its factors
to solve WT zn = dn for each new gap, then set
c(n+1)(t) = K (t)⊤zn.
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Bounding the Combined Response

change the
frozen source

δs

forced wave response

endpoint-
restoring response

combined
response
HP,T δs

Combine the responses to retain cancellation: χP,T is the largest displacement gain; ℓg is
the scalar Lipschitz constant of g .

χP,T := ∥HP,T∥L
(
L2(0,T ;RP)

) ,
∥TP(a)− TP(b)∥L2(0,T ;RP) ≤ ℓgχP,T ∥a− b∥L2(0,T ;RP) .

If q = ℓgχP,T < 1, each update shrinks trajectory differences by at most q; source
freezing converges.
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A Contraction Bound for the P-Mode System

1 2 3 4 5 6 7 8
nonlinearity strength β

0.0

0.5

1.0

bo
un

d
on

β
χ contraction threshold

0.9634

P = 8, T = 2.5, collar width
0.3; coefficient cost.
Each bar is β times the proven
upper bound for χP,T . A bar
below 1 certifies contraction.

Proven bound:

χ8,2.5 < 0.160561.

For g(u) = β tanh u, ℓg = β:
Global contraction for
0 ≤ β ≤ 6.

For this 8-mode model and 0 ≤ β ≤ 6, source freezing converges from any initial
trajectory guess.
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Numerical Results: What We Prove and Observe
Theorems certify retained controls; experiments compare accuracy, effort, and cost.

Proved: convergence
For the 8-mode tanh model at
T = 2.5, source freezing converges
from any starting guess when
0 ≤ β ≤ 6.

Proved: nearby exact
controls
At P = 8, β = 1, exact controls lie
near all three tested controls.
Finer checks (500 → 4000 time
cells) give tighter distance bounds.

Observed in our experiments

• Accurate tanh controls. Both classical
methods reach error < 10−8 at P = 8, 12, 16.

• Learned controls: all six reach 10−8 in
exactly two accepted Newton–HUM steps.

• More modes: P = 8 → 32 cuts error 8.51×
in a fixed 128-mode check.

• 2D: spectral networks improve on PINNs;
Gramian controls give lower error and effort.

• Cubic −11u3: gradual parameter changes +
Newton–HUM work at P = 8, 12, 16.

Tan-Phuc Nguyen Numerical Results and Perspectives 29 / 37



Numerical Setup and Accuracy Checks

T = 2.5, ω = (0, 0.3) ∪ (0.7, 1), target: zero displacement and velocity; P = 8, 12, 16.
a(0) = 1√

2
(1, 0.5, −0.3, 0, . . .) , a′(0) = 0.

EK : terminal energy-norm distance from rest in an independent nonlinear K -mode solve.

Model check
Does it reach the target?
Use the computed control in
a separate nonlinear P-mode
forward solve.
Require EP ≤ 10−8: terminal
displacement and velocity are
close to zero in this model.

More modes
Does it work at finer resolu-
tion?
Keep the control fixed. Solve
with K = 2P, 4P, or 128, as
specified in each test.
Report EK to assess omitted
modes. Smaller means closer
to the target in the richer
model.

Effort and time
What does steering cost?
Effort: ∥1ωfP∥L2 measures
applied input size over space
and time.
Runtime: includes continu-
ation, backtracking, and cor-
rection. Neural training is re-
ported separately.

Timing: one CPU thread; excludes one-time assembly and independent accuracy checks.
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Matched Comparison of Deterministic Methods

Matched g(u) = 6 tanh u runs; every control has EP < 10−8. Compare runtime,
higher-resolution error, and applied effort at each P.

8 12 16
model modes P

0.5

1.0

1.5

2.0
4P

-m
od

e
er

ro
r
E

4P
×10−2

LS / Newton–HUM
stabilized source freezing

8 12 16
model modes P

10

20

30

40

50

60

so
lv

e
tim

e
(s

ec
on

ds
)

For these matched β = 6 tests, Newton–HUM gives lower runtime,
higher-resolution error, and control effort.
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Newton–HUM Correction of Learned Controls

Use the trained control as a starting guess, then cancel its endpoint residual with
Newton–HUM updates.

0: learned proposal 1 2: completed
accepted Newton–HUM steps

10−8

10−6

10−4

10−2

100
8-

m
od

e
er

ro
r
E

8

error tolerance 10−8

β = 1, seed 0
β = 1, seed 10
β = 1, seed 20

β = 6, seed 0
β = 6, seed 10
β = 6, seed 20

All six learned candidates go from errors 0.222–0.473 to < 10−8 in two accepted
corrections.
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Computational Cost and Control Effort

Correction time is additional to training. The physical norm measures the applied control
after correction.

P = 8, β ∈ {1, 6} Time (s) Physical norm

Direct Newton–HUM 3.53–6.18 5.14–6.30

Newton–HUM correction 2.6–3.2 10.6–16.8

Completing these six learned candidates
Correction adds 2.6–3.2 seconds to reach the model tolerance. The completed controls can
then be assessed using the certificate inputs.

For these single-problem benchmarks
Direct Newton–HUM is the lower-cost route in both runtime and physical control effort.
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Omitted Modes and a Fixed Accuracy Check

g(u) = tanh u. Increase the reconstruction size P , but evaluate every resulting control in
the same 128-mode system.

8 12 16 24 32
control modes P (same control)

10−9

10−7

10−5

10−3

te
rm

in
al

en
er

gy
er

ro
r

8.51× smaller

fixed validator: E128

P-mode model: EP

Increasing P from 8 to 32 reduces the fixed-validator endpoint error by 8.51× in
this experiment.
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Continuation for the Focusing Cubic

1 4 7 10 11

continuation parameter β in g(u) = −βu3

10−9

10−8

m
od

el
en

dp
oi

nt
er

ro
r

each stage must pass 10−8

P = 8 P = 12 P = 16

Warm-start the harder
problem. Solve
g(u) = −βu3 at a smaller
β, then reuse that control
at the next value.
Use steps of 1 up to
β = 10, then 0.1 up to 11.

Observed result:
Newton–HUM passes at
P = 8, 12, 16.

Continuation reaches the focusing benchmark numerically: each accepted
stage meets the endpoint tolerance.
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Two-Dimensional Accuracy and Control Effort

Linear square-domain test: 4 × 4 model modes, 8 × 8 check, T = 7. Read lower-left
points as smaller endpoint error and less applied effort.
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uncontrolled error

The spectral network improves the learned results; Gramian controls are much
more accurate and use less effort here.

Tan-Phuc Nguyen Numerical Results and Perspectives 36 / 37



Two-Dimensional Accuracy and Control Effort

Linear square-domain test: 4 × 4 model modes, 8 × 8 check, T = 7. Read lower-left
points as smaller endpoint error and less applied effort.

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
applied-control norm

10−3

10−2

10−1

100

er
ro

r
/

un
co

nt
ro

lle
d

er
ro

r

Neural–Spectral
(3 seeds)

hard-boundary PINN
(3 seeds)

standard PINN
(1 seed)

Gramian: coefficient cost

Gramian: applied cost

uncontrolled error

The spectral network improves the learned results; Gramian controls are much
more accurate and use less effort here.

Tan-Phuc Nguyen Numerical Results and Perspectives 36 / 37



Conclusions and Discussion

Propose
classical or

learned

Correct
use endpoint

geometry

Certify
prove an exact

control is nearby

⋄ Propose: use a classical solver or a learned spectral control.
⋄ Correct: use HUM endpoint sensitivities to reduce the nonlinear endpoint

error.
⋄ Certify: verify ε, γ, and L to locate an exact P-mode control near the

computation.

Thank you.
Backup index Precise hypotheses Reuse and damping References
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Backup: Index

Theory

• Newton–HUM: precise hypotheses

• Source freezing in the energy space

• Combined response bound for the full
PDE

• Scalar damping and local stability

Neural, metrics, references

• Approximation and error certification

• Approximation of a full-PDE steering
pair

• Gramian reuse / control norms

• References 2 3 4
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Newton–HUM Convergence: Precise Hypotheses

Let FP : UP → R2P be C 1 on a ball of radius ρ around c0, with

∥DFP(v)− DFP(w)∥ ≤ L ∥v − w∥ , DFP(v)Rv = I , ∥Rv∥ ≤ γ

throughout that ball. Put ε0 = ∥FP(c0)∥ and

θ =
1
2
Lγ2ε0 < 1,

γε0

1 − θ
< ρ.

Then the full-step iteration stays in the ball and

εn+1 ≤ 1
2
Lγ2ε2

n, ∥cn+1 − cn∥ ≤ γεn.

The certificate needs an inverse at one candidate; quadratic convergence needs
a uniform inverse bound on the neighborhood.
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Source Freezing in the Continuous Energy Space

Under GCC, let HT solve the affine steering problem and suppose

∥HT (h1)−HT (h2)∥C
(
[0,T ];E

) ≤ C aff
T ∥h1 − h2∥L2(0,T ;E) .

If applying g to the state defines a globally Lipschitz map g : H1
0 (Ω) → L2(Ω) with

constant LEg , then
q∞ = C aff

T

√
T LEg < 1

implies global contraction of the corresponding continuous source-frozen map.

Scope matters
The P-mode response constant χP,T comes from a different minimization problem. Its
validated bound does not certify the full-PDE constant or prove a bound valid for every P.
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A Combined Response Bound for the Full PDE

Assume GCC and a scalar Lipschitz constant ℓg for g . On Z∞ := L2(0,T ; L2(Ω)
)
, define

H∞,Th = π1(HT ((0, h))−HT ((0, 0))) ,
χ∞,T := ∥H∞,T∥L(Z∞) .

Here π1 selects displacement. The fixed endpoint data cancel.

Continuous contraction criterion
If q̂∞ := ℓgχ∞,T < 1, the displacement map T̂∞(u) := π1HT ((0, g(u))) has a unique
fixed point u∗ and

∥u − u∗∥Z∞
≤

∥∥∥u − T̂∞(u)
∥∥∥
Z∞

1 − q̂∞
.

This is a full-PDE theorem under a smallness condition. We do not numerically
enclose χ∞,T .
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Gramian Reuse for Different Control Problems

For the affine equation y ′ = Ay +Bc + f , the control with the smallest coefficient norm is

cf (t) = B⊤eA⊤(T−t)W−1
T df ,

WT =

∫ T

0
eA(T−s)BB⊤eA⊤(T−s) ds.

one fixed ge-
ometry, T , P
one Gramian
factorization

many initial states, tar-
gets, frozen sources

only the right-hand side df changes

P = 16, β = 8: all 64 control problems meet the relative error tolerance ET < 10−2Efree;
median ET = 3.1456 × 10−7. Numerical reuse test: a different error tolerance, outside
the proven contraction range.
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Scalar Damping and Local Stability

a(n+1) = (1 − η)a(n) + ηTP

(
a(n)
)
, λ 7−→ 1 + η(λ− 1).

1

eigenvalue diagram

For the Jacobian of the time-discretized
iteration J, a positive scalar damping
exists exactly when

Reλ < 1 for all λ ∈ σ(J).

Allowed step sizes satisfy

0 < η < min
λ∈σ(J)

2
(
1 − Reλ

)
|λ− 1|2

.

Tan-Phuc Nguyen Supplementary Material Back to take-home



Neural Approximation and Error Certification

1 Approximation at fixed model size. Networks with bounded,
nonconstant C 2 activation functions (such as tanh) approximate state
coefficients in H2(0,T ;RP

)
and controls in L2(0,T ;RP

)
.

2 Solution error bounds. The equation error over time and the initial
mismatch bound the error relative to the separately solved P-mode system.

3 Certification near an exact control. For the P-mode system, if the
endpoint derivative has a right inverse and is locally Lipschitz, sufficiently
accurate nearby neural controls satisfy the certificate conditions.

These approximation and stability statements do not guarantee that Adam or
L-BFGS finds a sufficiently accurate control.
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Neural Approximation of a Full-PDE Steering Pair

On Ω = (0, 1), take a mild steering pair with Φ∗ ∈ C
(
[0,T ]; E

)
and f ∗ ∈ L2((0,T )× ω

)
.

Every displacement coefficient belongs to H2(0,T ); extend f ∗ by zero outside ω. Use
bounded, nonconstant C 2 activations.

Increase both spatial resolution and network width
For every ε > 0, some P, finite width W , and parameters θ give

sup
0≤t≤T

∥∥∥Φ∗(t)− Φ̃θ(t)
∥∥∥
E
< ε,∥∥∥f ∗ − 1ω f̃θ

∥∥∥
L2
(
(0,T )×(0,1)

) < ε.

This proves what networks can represent, not what training finds or what a
finite-model certificate proves about the PDE.
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Control-Coefficient and Applied-Control Norms

∥c∥2
modal =

∫ T

0
c⊤c dt,

∥1ωfP∥2

L2
(
(0,T )×Ω

) = ∫ T

0
c⊤MPc dt.

Both 2D weighted Gramian controls have model endpoint errors below 2 × 10−10:

Minimized cost coefficient norm applied norm check E8×8

R = I (modal) 2.103 2.035 4.00 × 10−3

R = M (physical) 2.622 1.968 7.12 × 10−3

Each weighting minimizes its own cost. Smaller effort need not mean smaller
truncation error.
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